Introduction
Let (M n , g) be a Kähler manifold of complex dimension n with Kähler metric g = n i,j=1 g ij dz i ⊗ dz j . Then the Laplace-Beltrami operator with respect to the metric g is defined as follows: [11, 13] , and they proved a very pretty splitting theorem. Li and Wang [10, 12] considered Kähler manifolds and also obtained a similar splitting theorem. The following theorem is their results for the Kähler case. Munteanu [18] proved the same result under a weaker condition: R ij ≥ −(n + 1)g ij and λ 1 = n 2 . Kong et al. [6] considered a complete quaternonic Kähler manifold (M 4n , g) and proved the same theorem under the condition: the scalar curvature S M ≥ −16n(n + 2) and λ 1 ≥ (2n + 1) 2 .
As we know that if M = B n is the unit ball in C n and g is the Kähler-Einstein metric then (1.4) λ 1 (Δ g ) = n 2 , R ij = −(n + 1)g ij , R ijk = g ij g k + g kj g i , which means that holomorphic bisectional curvature equals −1. Comparing Obata theorem and Cheng theorem for compact Riemannian manifolds (see [8, 9] ) and result in [15] . It is natural to ask the following question.
Question 1.3. Assume that D is a smoothly bounded strictly pseudoconvex domain in C
n with a complete Kähler metric g satisfying either
The main purpose of this paper is to provide a way of constructing some counter examples for Question 1.3. In particular, we consider strictly a pseudoconvex domain in C n whose boundary is real ellipsoid. After a linearly holomorphic change of variables, these domains can be described as follows:
It was proved by Webster [22] that D(A) is biholomorphic to the unit ball in C n if and only if A = (A 1 , . . . , A n ) = 0. We will prove the following theorem in this paper. 
(ii) There is a Kähler metric g 0 on D(A) with A n ≤ 2/5 so that the holomorphic bisectional curvature
Combining Theorem 1.3 and the above theorem of Webster in [22] , we answer Question 1.3 negatively with the counter examples: D(A) with A = 0 and n > 1. This paper is organized as follows: in Section 2, we provide an explicit formula to approximate the potential function of the Kähler-Einstein metric. In Section 3, we prove part (i) of Theorem 1.3. Finally, part (ii) of Theorem 1.3 is proved in Section 4.
Approximation formula
Let D be a smoothly bounded pseudoconvex domain in C n . A plurisubharmonic function u on D is said to be the potential function for the Kähler-Einstein metric on D if u is the solution of the Monge-Ampère equation:
The existence of such a solution for (2.1) was proved by Cheng and Yau [2] , the uniqueness was proved by Fefferman [3] . When D is strictly pseudoconvex, Cheng and Yau [2] prove that e −u ∈ C n+3/2 (D). Lee and Melrose [7] give the following asymptotic expansion for e −u :
where a j ∈ C ∞ (D) and ρ 0 is any negative defining function for D with ρ 0 ∈ C ∞ (D). Fefferman [3] gave a method of how to approximate ρ(z) in terms of ρ 0 (z). In particular, he proved a
,
is the complex Hessian matrix of ρ 0 on D. Question about how to compute a 0,j in (2.2) in terms of ρ 0 explicitly has been studied by Fefferman [3] and Graham [4] ; they provided a certain iteration formula for evaluating a 0,j , respectively. Here we give an alternative formula for a 0,j or approximation ρ in terms of ρ 0 as follows.
Theorem 2.1. Let r(z) be a smooth negative defining function for
If we let (2.14)
then by (2.10), (2.12) and (2.13), one has
If one assumes (a priori) that
and uses (2.12), then one has
Similar to (2.15), if we let
Remark. We must notice here that in the proof of (2.12), we use H(ρ) as positive definite near ∂D. When H(ρ j ) is not strictly positive definite, the conclusion remains true with the following argument: letρ j = ρ j + Cρ 2 j with some positive number C so that H(ρ j ) is positive definite near ∂D. Then
With the help of the above formula, all arguments in proof of (2.12) remain true.
When j = n, if we let
This completes the proof of Theorem 2.1.
Domain whose boundary is real ellipsoid
We consider a class of strictly pseudoconvex domains in C n with the real ellipsoid as their boundary. After a linearly holomorphic change of variables, those domains can be written as
Then H(r) = I n and
Notice that
Therefore,
By Theorem 2.1, one can easily see that if ρ(z) = −e −u(z) with u is the potential function Kähler-Einstein metric then 
Moreover, if B, A = 1 then
Proof. First, we consider the case A = |A|(0, . . . , 1) = |A|e n . Then
For a general row vector A, we choose a unitary matrix U = [α ij ] so that AU = |A|e n . Then
So, the proof of the lemma is complete.
The main purpose of this section is to prove the following theorem.
Theorem 3.1. Let u be the potential function for the Kähler-Einstein metric on D(A), and let ρ(z) = −e −u(z) on D. Then ρ(z) is strictly plurisubharmonic in D(A).
Proof. We first prove det H(ρ) ≥ 0 on ∂D(A). By (3.9), it suffices to prove
be the row vector. Notice (3.14)
Moreover, by the fact that |∂r| 2 = J(r) on ∂D(A) and Lemma 3.1, for any z ∈ ∂D(A), one has
Re (RJ(r))
if n ≥ 2 (in the above inequalities, we use the assumption: 0 ≤ A 1 ≤ · · · ≤ A n ). When n = 1, we pick up the term
It was proved by the author in [14] that det H(ρ) attains its minimum over D(A) at the some point on ∂D(A). By the first step, we have det H(ρ) > 0 on ∂D(A). Therefore, det H(ρ) > 0 on D(A) and the proof of the theorem is complete.
As a corollary of Theorems 3.2 and 1.1, we have proved the following result.
Corollary 3.1. If g is the Kähler-Einstein metric on D(
This gives the proof of part (i) of Theorem 1.3.
Holomorphic bisectional curvatures
If (M, g) is a Kähler manifold with Kähler metric g, then it is well known (see [20] ) that the curvature tensor is given by the following formula:
Assumes that the Kähler metric g is induced by a strictly plurisubharmonic potential function u on M with u = +∞ on ∂M :
where ρ becomes a negative defining function for M . We first provide a formula for the curvature tensor with the components of holomorphic bisectional curvature plus some derivatives of the defining function ρ.
where
Note: A theorem of Lu Qi-Keng [17] states that if g is a Bergman metric for a bounded domain in D in C n then D is biholomorphic to the unit ball in C n if and only if
. Next, we prove Proposition 4.1.
Proof. Notice that
By (4.5) and (4.6), one has
Thus,
Therefore, by (4.1), (4.7), (4.8) and (4.5)
This completes the proof of the proposition.
Next we construct a Kähler metric g on D(A) so that its holomorphic bisectional curvature
where r(z) is given by (3.2). Notice
.
It is easy to show that r(z) and − log(−ρ(z)) both are strictly plurisubharmonic negative defining functions for D(A). Let
It is easy to prove that (D(A), g) is a complete Kähler manifold. We will prove the following theorem. Proof. For simplicity, we write
ρ ikq = −α r q r ik + r iq r k + r i r kq (4.14) and
From (4.13), one has (4.16)
From (4.11) and (4.13), one has 
Since
Therefore, by (4.4), (4.15) and (4.25), for any ξ, η ∈ C n , one has Therefore, if A n ≤ 2/5, then 1 − 2φ (r) 2 (φ (r)(2/α) + |∂r| 2 ) 2 (φ (r)(−ρ) + (φ (r) 2 + αρ)|∂r| 2 )(3φ (r) + α|∂r| 2 )
